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Abstract. We give a general criterion for conformal embeddings of 
vertex operator algebras associated to affine Lie algebras at arbitrary 
levels. Using that criterion, we construct new conformal embeddings at 
admissible rational and negative integer levels. In particular, we con- 
struct all remaining conformal embeddings associated to automorphisms 
of Dynkin diagrams of simple Lie algebras. The semisimplicity of the 
corresponding decompositions is obtained by using the concept of fusion 
rules for vertex operator algebras. 



1. Introduction 

Let U and V be vertex operator algebras of affine type. We say that U 
is conformally embedded into V if U can be realized as a vertex subalge- 
bra of V with the same Sugawara Virasoro vector. The most interesting 
case of conformal embedding is when V is a finite direct sum of irreducible 
t7-modules. These conformal embeddings are studied in various aspects of 
conformal field theory (cf . [B] , [8] , [5] , [TH] , [22J , [3B] ) , the theory of tensor cat- 
egories (cf . [2T] , [25] ) and in the representation theory of affine Kac-Moody 
Lie algebras (cf. |12j). The construction and classification of conformal 
embeddings have mostly been studied for simple affine vertex operator alge- 
bras of positive levels. Some examples of conformal embeddings at rational 
admissible levels were constructed in [33J and [35J. 

In the present paper we give both necessary and sufficient conditions for 
conformal embeddings at general levels, within the framework of vertex op- 
erator algebra theory. In this way we will be able to construct new examples 
of conformal embeddings at rational and negative integer levels. Let us ex- 
plain our results in more details. 

Let q be a simple finite-dimensional Lie algebra and Qo its subalgebra 
which is a reductive Lie algebra. Let N g (k, 0) be the universal affine vertex 
operator algebra of level k ^ —h v associated to g, and L g (k,0) its simple 
quotient. Then rj generates a subalgebra U Qo (resp. U go ) of N g (k,Q) (resp. 
L g (k, 0)). Let co go be the Virasoro vector in U go which is a sum of usual 
Virasoro vectors obtained by using Sugawara construction. Let L(z) = 
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^ neZ L(n)z n 2 be the associated Virasoro field. We prove the following 
result: 

Theorem 1.1. Assume that g = go © W such that W is a QQ-module or- 
thogonal to go- Then U go is conformally embedded into L s (k,0) if and only 
if the following condition holds 

(1.1) l(0)x(-l)l = x(-l)l (xeW). 

Moreover, the condition implies that N g (k, 0) contains a singular vector 
of conformal weight 2. 

If k is a positive integer, then N g (k, 0) has a singular vector of conformal 
weight 2 if and only if k = 1. So we only have conformal embeddings into 
L g (l,0). But in general we have such singular vectors for other values of k 
(cf. Remark [23J). 

Next we apply Theorem II .11 in the case when go is a simple Lie algebra, 
and 

where Vg (Hi) is irreducible finite-dimensional go-module with highest weight 
Hi, and V So (fii) {i = 1, . . . , s) is orthogonal to go with respect to the invariant 
bilinear form on g. Denote by L go (k' , 0) the subalgebra of L Q (k, 0) generated 
by go j where k' = ak and a £ N is the Dynkin index of the embedding 
go < g. Note that in the case of general levels, vertex algebra L go (k',0) is 
not necessarily simple. 

Theorem 11.11 then implies that the key condition for the conformal em- 
bedding is that the eigenvalue of the Casimir operator of go is the same for 
all Vg (/Xj), i = 1, . . . , s. More precisely, if 

{Hi, Hi + 2p )o = (fJ-jiVj + 2po)o for all i,j = l,...,s, 

where (•, -)o denotes the suitably normalized invariant bilinear form on go, 
then for k, k' such that 

(Hi,Hi + 2po)o _ 1 r _ 1 \ 
2{k' + hl) ' V- 1 '---' 8 )' 

vertex operator algebra L so (k',0) is conformally embedded into L g (k,0). 

In order to obtain the conformal embedding of simple vertex operator 
algebras L 8o (k',0) < L s (k,0) and complete reducibility of L s (k,0) as a 
L Q0 (k', 0)-module, we additionally assume that g is obtained as a fixed 
point subalgebra of an automorphism of g of finite order. Then this auto- 
morphism naturally acts on L B (k, 0), so one can use the results from orbifold 
theory |14j . Under certain natural conditions we get 

L 3 (k, 0) = L S0 (k', 0) © L 0O (k', hi) © • • ■ © A, (k 1 , Hs)- 

These conditions involve some information about fusion rules of L 0O (£/,O)- 
modules (cf. Theorem 13. lj) . 
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Our methods enable us to construct all conformal embeddings associated 
to automorphisms of Dynkin diagrams. Let us illustrate this result by the 
following table: 

Table A, g, go are simple Lie algebras, go < g. 






00 


decomposition of L s (k, 0) 


k 


k' 




c e 


L go (k',0)®L So (k',u 2 ) 


-1 


-1 


A 2l 


Be 




1 


2 


A 2 


A l 


L flo (fc',0)®L w (F,4 Ul ) 


1 


4 


D £ 




L flo (fc',O)eL 0o (A; / ) a;i) 


-e + 2 


-e + 2 


Eq 


F± 


L So (k',0)®L 3o (k',u 4 ) 


-3 


-3 


D 4 


G 2 


L S0 (k',0)eL 5o (k>,u 2 )(B 
L&\k/, U i)(BL%\k;,u 1 ) 


-2 


-2 



In order to describe all conformal embeddings for such automorphisms, we 
include into this table some well-known conformal embeddings at positive 
integer levels in the cases (A 2 g,B£), (A 2 ,Ai) (cf. [22]; see also [I], [37]) and 
the conformal embedding for pair (A 2 £_\, C£) from |5j. But other conformal 
embeddings at negative integer levels are new. 

We also apply our methods to affine vertex operator algebras at admissible 
levels (cf. P, [3], [26], [27], [32], [33], [M], [37]) and get new conformal 
embedding of L J 4 2 (— 5/3, 0) into Lg 2 (— 5/3, 0) with decomposition 

L G2 (-5/3,0) = L A2 (-5/3,0) L Aa (-5/3, wi)®Ia 2 (-5/3, w 2 ). 

We also determine the decomposition for the conformal embedding of Lo t ( — ^+ 
3/2,0) into L Be (-£ + 3/2,0) from [35]. 

We should also mention that our methods give an uniform proof for a 
family of conformal embeddings which does not require explicit realizations 
of affine Lie algebras nor explicit formulas for singular vectors. In most 
cases one can check all conditions for conformal embeddings only by using 
tensor product decompositions of finite-dimensional modules of simple Lie 
algebras. 

The notion of conformal embedding is also closely related to the notion of 
extension of vertex operator algebra. We note that simple current extensions 
of affine vertex operator algebras at positive integer levels were studied in 

Pi, m\- 

We assume that the reader is familiar with the notion of vertex operator 
algebra (cf. [10], [18], [19]). 

2. A GENERAL CRITERION FOR CONFORMAL EMBEDDINGS 

In this section we shall derive a general criterion for the conformal embed- 
ding of affine vertex operator algebras associated to a pair of Lie algebras 
(07 00 ) i where g is a simple Lie algebra and go its reductive subalgebra. 

Let g be a simple complex finite-dimensional Lie algebra with a non- 
degenerate invariant symmetric bilinear form (•,•). We can normalize the 
form on g such that (6, 6) = 2, where 6 is the highest root of g. Let p be the 
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sum of all fundamental weights for g and let h v be the dual Coxeter number 
for g. 

Assume that go is a Lie subalgebra of g such that 

(1) bilinear form (•,•) on go is non-degenerate and g = go © W is an 
orthogonal sum of go and a go-module W; 

(2) go = ©™ =0 5o,i is an orthogonal sum of commutative subalgebra go,o 
and simple Lie algebras go,i, ■ • ■ , go,n (i-e., go is a reductive Lie alge- 
bra). 

Let (•, -)goi b e the non-degenerate bilinear form on go,i normalized such 
that (#o,i; ^o,i ) go i = 2 ; where #o,i is the highest root of 0o,£. One can show 
that 

a i (•) Oflo.i = ("i ")ISo,j x go,, for certain a, £ N. 
(For i = 0, we can take clq = 1). 

The (n + l)-tuple (oo>°i>"' ; a n) is called the Dynkin multi-index of 
embedding go into g. Let {it JJ '}j, {v l ^}j be a pair of dual bases for go,i such 
that (u^, v i,k ) ao t = Sjfi- Let h^ ji be the dual Coxeter number for go,i- (F° r 
i = 0we take /iq = 0). 

Let N g (k,0) be the universal affine vertex operator algebra of level k ^ 
-h v associated to g (cf. [T7], [20], [25], [29], [30]). Let JVj(Ar, 0) be the max- 
imal ideal of N g (k,0), and L g (fc, 0) = N g (k, 0)/N g (k, 0) the corresponding 
simple vertex operator algebra. 

Then go,i generates a vertex subalgebra of N g (k,0) which is isomorphic 
to N Soi (ki,0) for ki = cuk. Moreover, go generates a subalgebra of N g (k,0) 
which is isomorphic to 

U So = ®? =o N So .(k h 0). 

Let U So be the subalgebra of L g (k,0) generated by go- Then U go is iso- 
morphic to 

^Bo = ®2=0-^8o,i(^i) 0), 
where L go 4 (fcj, 0) is a certain quotient of N go . (/cj, 0). 

Definition 2.1. VFe say that the vertex operator algebra U go is conformally 
embedded into L g (k, 0), ifU go is a vertex subalgebra of L g (k, 0) with the same 
Virasoro vector. 

Let u) g be the usual Sugawara Virasoro vector in N g (k, 0) and let 

dimg ,i 

be the Sugawara Virasoro vector in N go i (ki,0) (i = 0, . . . , n). 
Then 

W 0O = W 0O,O H 1" W 0O,n 

is the Virasoro vector in ?7 an ■ 



As usual we identify x G g with x(— 1)1 G N g (k, 0). Therefore, can be 
considered subspace of N a (k, 0). 
Let _ 

L(z) = ^I(n)z-"- 2 = y(a; 0o ,.). 

Theorem 2.2. Assume that 

(2.1) L(0)u = -u /or every v G W. 
TTien 

Wfl-Wjto € JVJ(*;,0). 

In particular, U go is conformally embedded into L g (k,0) if and only if the 
condition A2.1\) holds. 

Proof. It suffices to prove that 

(2.2) x(l)(w fl -w 1JO ) = (xGg). 
By using properties of the Virasoro vector u g we get 

(2.3) x(l)u B = s(-l)l (i6j), 

(2.4) s(1) Wbo = x(-l)l (xego). 

Therefore the condition (|2.2p holds for x G go- Assume now that x G W. 
Since VK_l_go, we conclude that 

n dim0 O ,i 

= E E 2ik . + h y A i^y^i-i)! 

(2.5) = Z(0)z(-l)l = x(-l)l. 

This proves that U go is conformally embedded into L g (k, 0). 

It is also clear that the condition (|2.ip is a necessary condition for con- 
formal embedding. □ 

Remark 2.3. If U go is conformally embedded into L g (k,0), the equality 
of Virasoro vectors implies the equality of central charges. By using usual 
formulas for central charges of Sugawara Virasoro vectors we get 

/ ocN / N , &idim(go,i) k n dim(g , n ) fcdim(g) 

(2 - 6) dim(5o ' o) + k 1 + hl, + • • • + ^ + / l v n = TW 

So our condition \2. 1}) from Theorem \2.2\ implies numerical criterion 
112. op , -Birf, in general, \2. b)) is only a necessary condition for conformal 
embeddings. 

Remark 2.4. Assume that the conditions from Theorem \2.2\ are satisfied. 
Then N g (k, 0) must have at least one singular vector at conformal weight 2. 
Some explicit formulas for these singular vectors appeared in [1], [2], [32] , 
[33] . [34] anci recently in [7]. 

We shall now see how the theory presented here fits into some examples. 
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Example 2.5. Let g be a simple complex Lie algebra of type A, D or E, f) 
its Cartan subalgebra and A its root system. Then 

aeA 

Take now go = f) in the above construction. Then 

L(0)\W = Id iff k = l. 

This leads to the conformal embedding 

L go (l,0) <L B (1,0). 

Of course, this can be easily verified by using explicit vertex operator con- 
struction o/L (i,o) (cf. [E], [25];. 

Example 2.6. Let g = sp(2£, C). Then go = g[(£, C) can be realized as a 
subalgebra of g spanned by Cartan subalgebra i) and short root vectors. We 
have 

g = go e w, W = V go (2wi ) © V go (2u t ). 

Then 

L(Q)\W = Id iff k = 1 or k = -1/2. 
TTiis Zeads to £/te conformal embeddings 

L flo (2,0) <L„(1,0), L go (-l,0) <L g (-l/2,0). 

Example 2.7. using the same method as above we obtain the following 
conformal embeddings: 

(1) Lei g = s((^ + 1, C), go = Ql(£, C). TTien we foaue conformal embeddings: 

L 0O (1,O) < L (1,O), £ fl o(-¥>°) < £ fl (-¥.°)- 

(2) Let g = o(2^, C), go = g[(^, C). TTien we Ziaue conformal embeddings: 

L 0O (1,O) < L g (l,0), L go (-2,0) < L g (-2,0). 

Remark 2.8. One can s/iow that in examples presented above the vertex 
operator algebra L g (k, 0) is not a finite sum of irreducible L go (k' , 0)-modules. 
But it is still possible that there exists certain twisted L s (k,0) -module which 
is a finite sum of irreducible twisted L so (k' , 0) -modules. In particular, this 
holds for the ^-twisted module for L (l, 0) which gives principal realization 
of level one modules for affine Lie algebras in Example \2.b\ 

It seems that to get conformal embeddings such that L g (k,0) is a finite 
sum of irreducible L go (k', 0)-modules, one needs to consider the case when 
go is semisimple. In this article we shall make the first step and consider 
the important case when go is a simple Lie algebra. 

So we shall now assume that go is a simple Lie algebra. In the above 
settings we take n = 1, go = 00,1- Set 

(•> Oo = (•> Ooo.i' ^0=^0,1) a = a\. 
Let po be the sum of all dominant integral weights for go- 
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Assume that 

= 0o © 0i © • • • ©5s, 

such that 

(1) Qi = V go (fii) is an irreducible finite-dimensional highest weight go- 
module with highest weight //j, 

(2) 0jJ_0o for i = 1, . . . , s (with respect to (•, •)), 

(3) (Mi,Mi + 2 Po)o = +2p )o 0\j > 0). 

Then go generates a subalgebra of N$(k, 0) isomorphic to J7 0o = N go (k' , 0), 
where k' = ak. 

Let w (resp. cj go ) be the Virasoro vector in N g (k,0) (resp. N go (k',0)) 
obtained by the Sugawara construction. 
In what follows we choose k such that 

Let W = 0i © • • • © 0s . Then is a go-module such that 

L(0)x(-l)l = z(-l)l (xGW). 

As before, let C/ 0O = L go (fc',0) be the subalgebra of L g (k, 0) generated by 
00- Now Theorem 12.21 implies the following result: 

Corollary 2.9. Assume that the above conditions hold. Then L go (fc',0) is 
conformally embedded into L s (k,0). 

The simplicity of the vertex operator algebra L 0O (A/, 0) will be investigated 
in the next section. 

3. On semisimplicity of L g (k, 0) as a go— module 

In this section we give sufficient conditions for complete reducibility of 
L g (k,0) as a $jo~ m odule. In particular, we obtain the conformal embedding 
of simple vertex operator algebras L go (k',0) < L g (k,0). 

We assume that go is a simple Lie algebra and that all conditions on 
embedding 0o < from Section [2] hold. Furthermore, we assume that go is 
the fixed point subalgebra of an automorphism a of g of order s + 1, and that 
Vg (/ij) is the eigenspace associated to the eigenvalue £ l (for i = 1, . . . , s), 
where £ denotes the corresponding primitive root of unity. Then a can 
be extended to a finite-order automorphism of the simple vertex operator 
algebra L g (k, 0) which admits the following decomposition 

L s (k, 0) = L g {k, 0)° © L g (k, 0) 1 © • • • © L g (k, 0) s 

where 

L g (k,0Y = {v e L g (k,0) I a(v)=Cv}. 

Clearly L g (fe,0)* is a go-module. 

For a dominant weight \x for go we define /2 = k'A^ + \x. Denote by 
L go (k',n) the irreducible highest weight go-module with highest weight % 
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Note that the lowest conformal weight of any go-module with highest weight Jl 
is given by the formula 

(fl, fi + 2/9 )o 



(3.1) 



2(k' + h 



We shall make the following assumptions: 

(3.2) v B0 (jjii) ® v so (jjL d ) = v go fa) © v go (u riiJ ) 

r=l 

(3.3) L g (k,0) 1 does not contain go — singular vector of weight i^Xj, 
(where I = i + j (mod s + 1) ), 

for all i,j 6 {1, ... , s} and r = 1, . . . , rriij. 

Theorem 3.1. Assume that conditions \3. 2\) and \3. 3\) hold. Then 
L 3 (k,0) = L go (k',0) ®L 80 (fc>i) ©■■■ ®L go (k',fi s ). 

Proof. We have already seen that L So (k',0) is conformally embedded into 
L B (k, 0). We also have that L g (k, 0) contains 0o-submodules L go (k' , //j) gen- 
erated by top components V So (fJ>i), (i = 1,... ,s). By using assumptions (|3.2p 
and (|3.3p and standard fusion rules arguments (similarly as in [5l Lemma 
8.1]) one can conclude that if 

u e Vgoim) c L So (k',m), v e V So {nj) c L So (k',nj) 

then 

tt n w G L m (k',m) (I = i+j (mod s + 1)). 
(Here fj>o = 0). So L fl (/c, 0) contains a vertex subalgebra isomorphic to 

Z go (fc', o) e l 0o (a/, mi) e ■ • • © l 0o (fe', 

Since every generator of 3 belongs to this subalgebra we get that 

L s (k, 0) = L 0O (A;', 0) © L S0 (k', m) © • • ■ © L 3o (k', fi s ). 

Therefore L„(k, 0) is Z s+ i-graded, and each component is a highest weight 
go-module. Simplicity of L g (k,Q) gives that L go (A/,0) is a simple vertex 
operator algebra and L go (k', /Uj) is its simple module (i = 1, . . . ,s) (cf. [LI]). 
The proof follows. □ 

4. Some conformal embeddings 

In this section we shall apply results from Sections [2] and [3] and obtain 
some conformal embeddings at negative integer and rational levels. In this 
way we shall present a new uniform proof of conformal embeddings which 
will include embeddings from [5] and [35], and give some new conformal 
embeddings associated to pairs of simple Lie algebras (G2, ^2), (E&, F4) and 
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Table 1. 0, go are simple Lie algebras, go < 0- 






00 


decomposition of 


k 


k! 


A 2 £-l 


Ct 


00© V"g (^2) 


-1 


-1 


D e 


Be-i 


00 ©^ go (wi) 


-£ + 2 


-£ + 2 


E 6 


Fa 


00 © ^bo M 


-3 


-3 


G 2 


A 2 


0o©^ 0() (u;i)ffiUg O M 


-5/3 


-5/3 


Bi 


Dt 


00 ©^(wi) 


-i + 2,/2 


-£ + 3/2 



In the first three cases 0o is the fixed point subalgebra of of a Dynkin 
diagram automorphism of order two described in [23], Section 8. (Note also 
that the pair (A 2 £_i,Ce) was studied in [5]). 

When is a simple Lie algebra of type G 2 , then 0o is a Lie subalgebra 
generated by long root vectors. The pair (Bp, Dg) was described in [35] (see 
also [U]). 

Theorem 4.1. For every pair (0,0o) of simple Lie algebras from Table 1, 
we have that L g (k,0) is a completely reducible L go (k' , 0) -module: 

L g (k,0) = L go (k',0) @L SQ {k',m) © ■ ■ ■ L So (k' , v s ) 

where 

= 0offiVg o (/xi)©---y go (^), 

k and k' are as in Table 1. In particular, L g (k,0) is aZ s+ i~graded extension 
ofL go (k',0). 

Proof. The assertion when (0,0o) = (A 2 g-i, Ce) was proved in [5] by using 
similar method. We shall now consider other cases. 

By using decompositions from Table 1, we see that there is a conformal 
embedding of L go (k',0) into L g (k,0). Next we need to check that all pairs 
(0, 0o ) satisfy conditions from Theorem 13.11 We use the tensor product 
decompositions from Lemma 14.21 (see below). Assume first that (0,00) 7^ 
(Eq,F^). Then we directly see that for every weight Vi.j t m appearing in 
tensor product decomposition, singular vector of weight f « j, m does not have 
integral conformal weight (see Lemma 14.31 below). Therefore there are no 
singular vectors of such conformal weights in L g (k, 0). 

By using different methods we directly see in Lemma 14.41 that such con- 
dition holds for the pair (Eq,F a ). The proof now follows from Theorem 
EH □ 

Lemma 4.2. We have the following tensor product decompositions: 

(1) Va 2 {oji) ® Va 2 (wi) = Vka(2wi) © V A2 (lo 2 ), 

(2) V A2 {oj 2 ) ® V A2 (co 2 ) = Va 2 {2uj 2 ) © Va 3 {wi), 

(3) Va 2 {oji) © V A2 (oo 2 ) = Va 2 {ui + w 2 ) © Va 2 {0), 

(4) V F4 {oo A ) ® V Fa {oj a ) = Vf 4 (2w 4 ) © V Fi {u 3 ) © Vf 4 M © V^wi) © Vp 4 (0), 

(5) V Bl _M © Vb^i) = Vb < _ 1 (2wi) © V Bt _M © V Bl _M {£ > 4) ; 

(6) V Dt (ui) © Vb 4 (wi) = Vb 4 (2wi) © V Di {uj 2 ) © V Dt {0). 

Using relation (|3.ip we obtain: 
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Lemma 4.3. We have: 

(1) The lowest conformal weights of -modules with highest weights — ^-Ao+ 
2Aj (i = 1,2) and — ^-Ao + Ai + A2 are | and |, respectively. 

(2) The lowest conformal weights of Bf^-modules with highest weights —£Aq+ 
2Ai and —Mo + A2 are 2 + j-^ and 2 — ttj, respectively. 

(3) TTie lowest conformal weights of -modules with highest weights (—£ — 
^)Ao + 2Ai and (—£ — ^)Aq + A2 are 2 + ^rzr and 2 — twzt, respectively. 

Lemma 4.4. As an -module, LE a (— 3,0) does not contain singular vec- 
tors of weights —7Aq + 2A4, — 5Ao + Ai and — 7Aq + A3. 

Proof. We first note that F^-modules with highest weights — 7Ao + 2A4 
and — 5Ao + Ai do not have integral conformal weights. (The corresponding 
lowest conformal weights are and |, respectively.) 

The lowest conformal weight of module of highest weight — 7Aq + A3 for 
i*4 is 2, but one can directly check that there is no non-trivial singular vec- 
tor of that weight in Le 6 (—3, 0). We use the construction of the root system 
of type Eq from [IT], [23]. For a subset S = . . . , ik} Q {1, 2, 3, 4, 5} with 
odd number of elements (i.e k = 1,3 or 5), denote by e^...^) the (suitably 
chosen) root vector associated to positive root 

-6 7 -6 6 + ^(-lf( 
1=1 

such that p(i) = for i £ S and p(i) = 1 for i £ S. We will use the symbol 
/(n.. .i fc ) f° r the root vector associated to corresponding negative root vector. 
Since 

VE 6 = (e(5)(-l)e(i2345)(-l) +e(i25)(-l)e(345)(-l) 
+6(135) (- 1 )e(245)(- 1 ) + e(235)(- 1 )e(145)(- 1 )) 1 

is a singular vector for in Ne 6 (— 3, 0), one concludes that U£ 6 6 iVg (— 3, 0). 
Furthermore, ve 6 is the unique (up to a scalar) singular vector of conformal 
weight 2 in A^ 6 (-3,0). 

Any vector of weig ht -7A + A 3 for F 4 (1) in L Ee (-3,0) is a linear combi- 
nation of vectors: 

e(235) (~l)e(234) (-1)1) e (235) (-iKs+e^-l)!, e (145) (~l)e(234) (-1)1, 

e ( i4 5 ) (-l)e C5+e4 (-l)l, e(i2345) (-!)e(4) (-1)1, e ( i 23 45) (-l)e es -ei (-1)1, 
e(245)(- 1 )e(i34)(-l)l ) e ( 245)(-l)e e 5+€ 3 (-l) 1 , 6(345) (-l)e(i24) (-1)1, 
e(345)(-l)ee 6 + e2 (-l)l. 

The singularity assumption then directly implies that such a vector is a 
linear combination of vectors fm(0)vE 6 and f es - e4 (0)vE & , which is clearly 
zero in Le 6 (— 3, 0). The proof follows. □ 
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5. CONFORMAL EMBEDDING OF Lg 2 ( — 2,0) INTO Lb 3 ( — 2,0) AND 

W-2,0) 

In this section we consider the conformal embedding associated to a pair 
of simple Lie algebras (_D4,G2). It turns out that this case is more compli- 
cated and one can not directly apply general results from Section [3j The 
main difference between this case and the cases studied in Section [4] is that 
Lfl 4 (— 2, 0) contains a non-trivial singular vector for of conformal weight 
2. In order to prove that L^ 4 (— 2,0) is a completely reducible Lg 2 {— 2,0)- 
module we shall need more precise analysis, which uses the conformal em- 
bedding of L_b 3 (-2,0) in Ld 4 (-2,0) from SectionH 

Let g be the simple complex Lie algebra of type -D4. Then g has an order 
three automorphism 9, induced from the Dynkin diagram automorphism, 
such that the fixed point subalgebra go is isomorphic to the simple Lie 
algebra of type G2. We have the decomposition of g into eigenspaces of 6: 

(5.1) = goe^ ) N®y B ?(a; 1 ), 

where Vg Q (wi) is generated by highest weight vector e ei _ e4 + £e ei+e4 + 

C 2 e e2 +e 3 and V^\ui) by e ei _ e4 + ^e e2+t3 + £ 2 e ei+eA , for suitably chosen root 
vectors. (Here £ denotes the primitive third root of unity.) 

Lie algebra go is also a subalgebra of Lie algebra of type B3 considered in 
Section HI which we now denote by g'. We have 

(5.2) 0'=0O©^ ( O 3) M, 

where Vg (u}\) is generated by highest weight vector e ei - £4 +e €1+e4 — 2e e2+e3 . 

By using (15. 2j) . the decomposition of g from Section H] and the fact that 
Vb 3 (wi) = Vg 2 (wi) as go-module, one obtains another decomposition of g: 

(5.3) = floen?N®tf ) W. 

where V^\uji) is generated by e ei _ e4 - e £1+£4 . 

By using (15. 2j) and results from Section [2] we see that Lg 2 {— 2,0) is 
conformally embedded into Lb 3 {— 2,0), which is conformally embedded in 
Ld 4 (— 2, 0). Recall that Theorem 14.11 gives that the vertex operator algebra 
I/£) 4 (— 2,0) has an order two automorphism a which defines the following 
decomposition: 

(5.4) W-2,0) =Lb 3 (-2,0)®L B3 (-2,lj 1 ). 

Denote by L G '(— 2, u)\) the G^-submodule of Ld 4 ( — 2,0) generated by 

top component V^{oj{), for i = 1,2,3,4. Furthermore, one can directly 
check that vector 

v = (^-^(-iKi-^-l) + ee 2 -e 4 (-l)e t2+ e 3 (-l) + e £2+£4 (-l)e ei+e4 (-l) 
-e £1 _ £3 (-l)e ei+£4 (-l) - e e2 _ £4 (-l)e ei _ £4 (-l) - e e2+£4 (-l)e e2+£3 (-l))l 
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is the unique (up to a scalar) non-trivial singular vector of weight — 5Ao + A2 

for G2 in Ld 4 (— 2, 0). Denote by L G2 (— 2, w 2 ) the G^-submodule gener- 
ated by v. We also have that 9(v) = v and o~(v) = —v. This implies that 
v G L Ba (-2,uJi). 

Now we consider Lb 3 {— 2,0) and Lb 3 (— 2, wi) as G2 -modules. We use 
the following lemmas: 

Lemma 5.1. VFe Ziaue i/ie following tensor product decompositions: 

(1) Vfe 2 (wi) ® Vfe„(wi) = Vg^uox) © F G2 (a; 2 ) e Vg^wi) Fg 2 (0), 

(2) Vg 2 (wi) Vg 2 (w 2 ) = ^g 2 (^i + w 2 ) © Vg 2 (2wi) © Fg 2 (wi). 

Lemma 5.2. As a -module, Ld 4 (— 2,0) does no£ contain singular vec- 
tors of weights — 6A0 + 2Ai and — 7Ao + Ai + A 2 . 

Proof. The proof follows from the observation that G^-modules of highest 
weights — 6A0 + 2Ai and — 7Ao + Ai + A 2 do not have integral conformal 
weights. (The corresponding lowest conformal weights are | and |, respec- 
tively.) " " □ 

Proposition 5.3. We have: 

(1) Lb 3 (—2,0) = Zg 2 ( — 2, 0) + Lq^[—2, uji) . 

(2) Lb 3 (-2,u 1 ) = L^I(-2,u 1 ) + L G2 (-2,u 2 ). 

Proof. (1) Since v is the unique (up to a scalar) singular vector of weight 
— 5Ao + A 2 for Grg in Ld 4 (— 2, 0), it follows that there is no singular vec- 
tor of that weight in L_b 3 (— 2,0). The tensor product decomposition from 
Lemma 15.11 (1), Lemma 15.21 and standard fusion rules arguments now im- 
ply that Lg 2 (— 2,0) + L G {— 2,u){) is a vertex subalgebra of Lb 3 {— 2,0) 
which contains generators of Lb 3 (— 2,0). The claim (1) follows. Claim (1), 
Lemmas 15.11 and 15.21 and standard fusion rules arguments now imply that 
L^q 2 {— 2,u>i) + Lq 2 {— 2,o; 2 ) is an Lb 3 {— 2, 0)-submodule of the irreducible 
module Lg 3 (— 2,u)\). This implies claim (2). □ 

Theorem 5.4. We have: 

L Di (-2, 0) = L G2 (-2, 0) © L G2 (-2, co 2 ) © L%] (-2, u; x ) © (-2, wi). 
Proof. First we notice that relation (|5.4p and Proposition 15.31 give 

L D4 (-2, 0) = L G2 (-2, 0) + L G2 (-2, w 2 ) + Zg> (-2, uj x ) + Zg] (-2, Wl ) , 
which also implies 

L D4 (-2, 0) = L G2 (-2, 0) © L G2 (-2, w 2 ) © Zg (-2, Wl ) © Zg> (-2, wi). 

By using the fact that Z3-orbifold components of a simple vertex operator 
algebra are simple (cf. [H]), we get that 

y = Z G2 (-2,0)©ZG 2 (-2,^ 2 ) 
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is a simple vertex operator algebra, and that Lq 2 (— 2, u\) and L G {— 2,uj\) 
are its irreducible modules. Since the automorphism a acts as —1 on 
Lg 2 (— 2,^2), it follows that V is Z^-graded, so its graded components 

are also simple. Theorem 3 from [14] now implies that Lq^{— 2, wi) and 
— (2) 

L g ^(—2,uji) are inequivalent ^-modules, and Theorem 6.1 from the same 

paper then implies that Lq(— 2, uj\) and L^(— 2,wi) are irreducible as 
Lg 2 (— 2, 0)-modules. The proof follows. □ 

It follows from the proof of Theorem l5.4l that Lq (— 2, cji) and (— 2, wi) 
are also irreducible Lg 2 (— 2, 0)-modules, so we obtain 

Corollary 5.5. We have: 

(1) L B3 (-2,0) = L G2 (-2,O)0L G2 (-2,o;i) ; 

(2) L B3 (-2,o;i) = L G2 (-2, Wl )®I G2 (-2, W2 ). 
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